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Abstract-A crack interaction method for cracks in anisotropic fibrous composites is presented.
The method is based on the idea of superp()sition of resultant tractions along the crack faces. The
unknown tractions are e~pressed by a series of base functions which describe the fundamental
solution of stress induced by a solitary crack in an infinite elastic medium. loaded by any such
functions. The method employed herein falls within the scope of two-dimensional elasticity but may
analogously be applied to other three-dimensional problems (penny-shaped cracks). From the
results of various cr.lCk conligurations in unidirectional librous reinforced materials. it is shown
that the stress intensity faclors strongly depend on the a~ial to transverse stilrness r'llio. Finally.
some typical e~amplcs. which highlight specific features of the method in ditli:rent comp<lsilc
material systems are considered and compared III <,ther e~isting results.

I. INTRODUCTION

The widespread use of composite materials in modern design applications has resulted in
a growing interest in crack problems in anisotropic materials. Various solution tcchniqucs
have been employed [see for example. the papers by Sih ('( al. (1965). Badaliam:e and Gupta
(1976). Delale nnd Erdogan ( 1977). Zang and Gudmundson (liN I) and Binienda ( 199 I) I.
However. most of these approaches are often complex and limitcd to rather simpk
geometries.

The principal idea of the present approach is to extend the work or Benveniste ('( al.
(1989) to the re.tlm of crack intcraction in fibrous composite materials. The method of
solution uses a superposition tcchnique which replaces a eonliguration of N cracks with N
dilTerent problems. each of which considers a single crack loaded by unknown traction in
an otherwise continuous infinite medium. The first step in the method is to choose a
polynomial expansion for the unknown crack-line traction. This polynomial is a weighted
sum of other polynomials that are called base functions in the sequel. The accuracy or the
polynomial expansion can be controlled by using base functions of suitable orders. The
second step is to compute the stress fields due to a single crack in an infinite medium loaded
by each of the above base functions individually. For convenience. Legendre polynomials
are used to represent the base functions. However. other choices of base functions are
possible as shown by Benveniste ('( lIl. (1989) for the case of an H-crack configuration.
Finally. the method uses the above information to reduce the original probkm to a system
of linear equations.

The first section of this paper introduces the superposition equations in the general
case. the second and third sections. respectively. deal with specili<.: examples which have been
solved in the literature by difTerent methods.

2. METIIOD OF SUPERPOSITION

Consider the general case of an infinite plate of clastic solid with N randomly oriented
cracks. subjected to arbitrary external loads 1'," (i = I. N). The distribution of ,,:' is assumed
to be symmetric with respect to the crack faces. Let eI, be the half crack length .ll1d (x,.)',)

be the local reference system centered at the middle of the crack. The (x,. )',) is chosen such
that the x,-axis coincides with the crack line. The function ",,(x,) denotes the normal traction
induced by crack i along the imaginary location of crack j when crack i is loaded by P,(x,).
and SiA~j) denotes the shear traction induced by crack i along the imagin.uy location of
crack j when crack i is loaded by 5,(x,). By superposition. the problem of N cracks will be
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represented by an equivalent ,V different problems. each of which considas a single crack
in an infinite medium. but loaded by unknown normal and shear tractions P,. 5, (i = I. S)
respectively. The terms P, and 5, can be regarded as the overall tractions (after interaction)
generated at each crack face by the applied external load and by tractions induced by
mutual interaction with cracks j (j = J. 1'1. j 1= i). The solution of the original problem is
then obtained by superposing the individual solutions of each of the N problems separately.
The corresponding system of equations. labeled as supaposition equations in Benveniste
ef al. (1989). takes the form:

p;l(X,) = P,(x,) + L p,,(x,).
,~ I

\'

s;'(x,) = 5,(x,) + )" s,,(x,).
,~ I

i 1= j. (I)

There are several ways in the literature to represent the unknown tractions P, and 5,.
However. for simplicity. the Legendre polynomial which is rcl'erred to by base functions in
the seq uel is used herein:

\'

P,(x,) = L a;,d[ - L;,d(~,)l.
11=0

\'

5,(x,) = L h;,"[ - L;,"(~,)l.
" = (I

(2)

where ~, = (s,jel,) is a normalized parameter and C,d are the Legendn: Iwlynomials defined
by:

I d"
L"(~,)=.,,, I I:,,(~':-I)". 1/=0.1.2.3....

_ II. l""

Note that the minus sign convention in eqn (2) indicates that cach of the base functions
[.;,') is uscd to promote a crack opening mode. On the other hand. crack closure is not dealt
with in the present work.

In general. depending on the orientation ofcrackj. a normal (or shear) traction ;Ipplied
at the faces of crack i will induce normal and/or shear traction along the line of crack j.
Accordingly. a set of inlluence functions which describe the tractions at the line of crack i.
caused by the base functions - L~,tl(~,) applied at crack j arc delined. Four such functions
arc needed:

is I/o,.mal stress induced at location j by a I/o,.mal stress of order 1/ applied
at crack i;
is I/o,.mal stress induced at location j by a s"ea,. stress of order 1/ applied ;It
crack i;
is s,,('(/,. stress induced at location j by a I/o,.mal stress of order 1/ applied at
crack i;
is slIm,. stress induced at location j by a s"ea,. stress of order 1/ applied at
crack i.

The above inlluence functions arc determined from the solution of a single crack in an
infinite medium loaded by concentrated unit loads (sec Fig. A I in thc Appendix).

The induced tractions I',,(x,) and .I',,(x,) can now be writtcn in terms of the intluence
functions:

1/

I'I'(X,) = L [a:," f~;ot(x,) +h~"lI~;"(x,)I.
" .. 0

\1

s,,(x,) = L [a~,""~7'(x,) +h:,I'if~7'(x,)I.
11....,. n

(4)

where a~,tl and h~," are unknown weight codlkicnts to be determined. Substituting (4) and
(2) into (I) provides
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~ ~ M

p,o(x,) = L a~I[-L~I(~,)]+ L L [dP~71(X,)+b~,j)g~71(X,)],
,..0 ,_111.0

,.. ." M

5,o(X,) = L b~I)[ - L~)(~,)] + L L [a~/lh~7'(x') +h~ilq~71(X,)]. withj # i. (5)
,.,.0 J-I ... 0

[t is necessary to have an identical number of equations and unknowns (I~il, b~l). Therefore.
each of eqns (5) is multiplied by Ld~,), k = O. 1,2.... , M and integrated with respect to x,
in the interval -dj to +d,. Using the orthogonality condition of Legendre polynomials

f
+1

L\'(~)L,..(~)d~ = J~...-[2/(2K+ I)],
-I

(6)

where (5.\...- is the Kronecker delta. and the non-dimensional parameter ~, = xJd,. one finds:

.v .1/

p:kl = -alj )[2dJ(2K+ I)] + L L (a~iI F}7·k)+h~ilG~7·kl].
;_ I n= I)

,v II

S:kl = - hl'l[2d,/(2K+ I») + L L [a~/I H~;r.kl + h~ilQ~7·kl). with.i # i (7)
1= I n.". n

where the following dclinitions are used:

f','
10 I) ('I. .1', = 1', (x,)/....- (.xJtI,) d.x,.

d,

together with the formula

(I<)

(9)

Where Z~;'·kl assumes in turn. the v,lIues of F~;'·kl, G~;'·kl, lI~;,·kl and Q~;'.kl. while =~;'.kl assumes
in turn. the values of f~71. g~7). "~7) and '1:7). Recall that i = 1,2..... N; j = 1,2, .... N;
k = O. 1,2..... M; and" = O. 1.2, ... , M. Finally, eqns (5) provide 2N(M + I) eqtlations
for the N(M + I) unknowns al", and N(M + I) unknowns htl needed for the evaluation of
tractions PI' and 51' in (4). The stress intensity factors can be evaluated from the well-known
expression for the point load solution

If'", (ti +S)L 2
KJIII = J--~ -;-= S' (P(5,). 5(5,») d.l',.

nt/,'/' ',+ ,
( (0)

where ± denotes the stress intensity factor at the inner/outer crack tips and P(.I',), 5(.1',) are
the overall normal and shear traction. respectively, at the 1~lces of crack i given by (I).

3. APPLICATIONS

As .1 first example. the problem of infinite plate with two separate cracks as shown in
Fig. I is considered. This problem has been solved by Badaliance and Gupta (1976) for the
isotropic case and by Binienda e( al. (1991) for the corresponding orthotropic case using
the singular integrals technique. The purpose of analysing this example herein is to provide
verification of the present scheme against other approaches and techniques. The material
used in Binienda e( al. (1991) is a Gr{Epoxy with the following clastic constants:
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E" = 21.08 x 10~ psi, Er = 5.08 x 10' psi.

Gr = 1.5 x 10' psi, Gu = 0.98 x 10' psi. ~·.u = 0.3, ( I I)

where subscripts A and T denote axial and transverse direction. respectively.
According to Fig. I. crack 2 is aligned with the fiber direction such that its local

reference system (x!,y!) coincides with the principal axes ofelastic symmetry. In the sequel,
the position of crack 2 is referred to as on-axis. On the other hand, crack I which remains
in the horizontal plane at an angle 0 from the fiber axis (.\' I.t! = 0) is referred to as off-axis.
Note that the material anisotropy for each crack system is a function of crack orientation
with respect to the fiber-axis, and on-axis cracks admit purely imaginary roots while off
axis cracks admit general complex roots (see Appendix).

First. consider the case where the external applied load is a remote uniform tension.
By superposition, the far-field uniform tension is resolved on each crack face and stresses
vanish at infinity; the equivalent problem is shown in Fig. I(b). The problem formulation
will be adopted from Section 2.

With reference to eqn (I), the resulting superposition equations are schematically
described in Figs I(c)-(e) and arc given below as:

Crack I:

( 12)

Crack 2:

where the unknown tractions P,(x I) and S,(x,). (i = 1,2) are expressed by a combination
of Legendre polynomials as:

(b)

) !I®-
{## )

<D I

(c)

(
) PIl I )

I

~®l
( <D 5'2

(d)

(

8
1

(e)

Fig. I. The lwo-cra<:ks problem and the s<:hem.lli<: of superposition technique.
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I I

P,(x,) = L a~ll[-L~')(~,)]. 5,(x,) = L b~)[-L~'l(~,)]. (i= 1,2). (14)
n=O n~O

For simplicity. the first and second order of legendre polynomials (uniform, linear) are
selected here. In actual calculations. one could choose a higher order of L. as required.

In the second step of the solution. the influence functions [see Zarzour (1990)] are also
expanded in terms of Ln. Therefore. with reference to (4). it follows that

1 •

p,/(x,) = L [a~llf:7'(.\)+b~ilg:71(x)]. (i= 1,2;j= 1,2;i#j),
'1"",0

1

s,,(X,) = L [a~llh:71(x/) +b~')q:71(X)]. (15)
n=O

Substitution of (15) and ( 14) into (12) and (13) for crack I and crack 2, respectively. gives:

Crack I:

I 1

-p~ L a~,"[ - L~"(~ I)] + L [a~~lfi·I(XI) +b~~lg(ll(x,)],
'I-II n~()

Crack 2:

I I

0= 'N"[-LI11
(" )]+' [a':lh1nl

(\, )+N~)£/'·'(\' )]'t- n ,,'" I i..J n ~I' I ff ~I" I ~
n~l) n-I)

I I

-I" cos~ (/J) = L a~~I[ - L~/'(~~») + L [a~" PtHx~) +b~,IIg<tHx~)],
'I-II 'I-I)

( 16)

I I

-p'sin(O)cos(/J) = L h~1)[_L~11(~:)I+ L [b~"h(I'Hx~)+h~~lq(tHx~)]. (17)
,,- 0 n- U

Multiply (16) und (17) by Ll". k = 0, I and integrate from -tl, to +tI, to provide a system
of algebraic equations with certain unknown coeflicients tI~\ h~il. The corresponding equa
tions are:

I

p:k l = -al') [2t1,/(2k + 1)]+ L [tI~IIF~7,k)+h~'IG:7,kl]. (i= 1,2;j= 1,2;i#j),
11-0

I

S:k l = - hli' [2t1'/(2k + I)] + L [a~JI H:7,k' + h~,')Ql7,kl]. (18)
,,:=-(}

where ~7,kl, Gl7,k l • H:7,k' and Q:7,kl ure given by (9).
Finully. the stress intensity factor ut the inner/outer tip for each crack cun be obtained

in the following way:

Crack I:

( 19)
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Crack 2:

(20)

where s is a variable of integration .

..j NU:-'IERICAL RESULTS

Hereafter. derivations of the stress intensity factors for the previous example of a two
cracks problem as well as several other examples in both isotropic and orthotropic materials
are developed.

4.1. TIro-crack "roh!elll IIl1der IIl1ijimll axial/ensioll
Figure 2 illustrates the crack configuration and the loading conditions. and presents

the stress intensity factor results. These arc the K1 and KII factors at the outer tip A of crack
I and outer tip B of crack 2 for the isotropic case. Similarly. Fig. 3 presents the same results
for the orthotropic material where the clastic constants are described in (II). The stress
intensity factors arc normalized oy K;'( K;' = ,,' j~a) and given for the full range of
0(0 = () ..... 90 ). As mentioned oefore. the Lcgendrc polynomial is truncated at II = .I
which corresponds to a cuoic term. In the isotropic case. Fig. 2. the results arc compared
to those found oy Binienda ct al. (1991) who used the method of singular integral equations
with generalized Cauchy kernels. A close agreement was found for K.(A). KII(A) and for
Kd//). 11."11 (/J). In thc ortlhltropic case. Fig. 3. the libel' oricntation is aligned with crack 2
at an anglc.: (J from crack I. The results. which compare well with Binienda e/ al. (1991)
indicate that for this configuration. the material influence is rather weak and the stress
inlcnsity factors at the tips of ooth crack I and crack 2 arc very similar to those of the
corresponding isotropic case.

4.2. All II-crack /IIltler /IIlijill'll/ axial stress
Crack oranching phenomena such as H-crack or T-crack shapes arc oftcn found in

fracture proolems of unidirectional composites. The strcss intensity factors at the tips of
these cracks arc usually informative about crack stability and fracture toughness

2.2 IsotropIC p-
20 - Present analySis

1.8
- - - BjnMinda.1 al. ~ ...('991)

0 16 ..~/. ..0,.
ti 1.4
.!:1

:5 12 p

1.0
en 08
E
0 0.8
Z 0.4

10 20 30 40 50 60 70 80 90

Theta (Degrees)

Fig. ' The stress intensity factors of a two-cracks problem as a function of the kink angle. iI.
Isotropic case with (J = h. ,) = 0.1.
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Fig. J. The stress intensity factors of a two-cracks problem as a function of the kink angle. 0.
Orthotropic case with a = h. ,j =0.1.

parameters. Ina previous study by Dvorak et al. (1992) on fracture of metal matrix
composites. the analysis required the solution of an H-crack shape in H/ AI and FP/ AI
composite systems. In the present analysis. the case of an H-crack shape under uniform
axial stress is considered. The dominant stress intensity factor Ku(A) is normalized by K~

(K: l = I'r .JTtL) and ohtained for hoth the isotropic and orthotropic cases in terms of the
ratios R/ L as indicated hy Fig. 4. As in Iknveniste et al. (1989). non-linear cr.tck shapes
.ITI: dealt with hy coalescing line cracks into the desired conliguration. thus. an H-cr.tck
consists of three cracks [sce §4 or Benveniste l't al. (1989) J.

In the isotropic case. the present results were previously obtained by Renve!'!iste et al.
(1989) and compared to other existing solutions in the literature and found to be in close
.tgreemenl. In the orthotropic case. the fihers arc axially oriented along the applied load and
two composite systems arc considered; Gr/Epoxy and H/AI. The material properties for
EliAI arc:

l:.\ = 237.3 X 10 ' MPa.

G" = 55 X 10\ MPa.

E. = 143.1 X 10 ' MPa.

l'A .. = 0.21.

Shown in Fig. 4 arc the four curves obtained for Gr/Epoxy with different ratios of E/\/E('

0.5,....--------------,

0.4

0.2

0.1
- IsotropIC

--- BiAl

-- GriEgo..,

001..----'---.......---'---'-----'
o 2 4 6 8 10

AIL

Fig. 4. The II-crack Cllnliguration under uniform a~ialload. The stress intensity factor K" at point
A. non·dimensionalized with respect to K;' = p' .../~i.. plolled versus the ratio RIL. Isotropic and

orthotropic results.
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Fig. 5. The e:\tended H-crack conliguration under uniform a:\ial~ad. The stress intensity factor
KII at point A. non-dimensionalized with respect to K;' = p' ,,' TtL. plotted versus the ratio (51 L.

Isotropic and llrlholropic rcsults for R = L.

03

while other parameters arc kept constant. As the ratio decreases from 14 to I. the results
indicated a slow convergence toward the isotropic curve. On the other hand. the curve
n:pn:senting the lJI AI results (E"I E, = 1.7) showed a doser but not total agreement with
the isotropic one.

4.3 . ..111 ('xtc1Idcdll-('fack 1I11der 1I11!1iml/ axial stress

This is a spccial case of the II-crack conliguration in which the ratio RI L = I and the
middle cral.:k has propagated by an amount :!(>. Figure 5 shows the results of KII(A)/K:' in
terms of the ratios (>1 L 1{lr both the isotropil.: and orthotropil.: I.:ases. Similarly to the previous
11-l.:r;Kk I.:onliguration, the rcsults corresponding to Gr/Epoxy composite show a tendenl.:Y
for a slow I.:llllvergclll.:e toward the isotropil.: results as the ratios E/\/Er del.:rease from 14 to
I whaeas the results I.:orresponding to the III Al composite indicated a better convergence
to the isotropil.: case.

4.4. A ('/'o.\·.\·-(·r{/ck III/del' hydrostatic pres.l'lIrc

Figure 6 shows the I.:ral.:k conliguration and loading wndition and presents the pre
dil.:ted results I.:omparing them with those given by Cheung and Chen (1987) for the: isotropic
case. The stress intensity fal.:tors K,(A)/KI' and K,(B)/K,u. (K? = pc, Jna) are in good

12r--------------.,
- Present anal'f'sis
--- CheunQ o. aI. (1987)

oo 08
.!l!

.5
..:en
Eoz

0.4

1.21.00.6 0.8

b/a
0.2 0.4

0L.-_..L..-_..1-_...J..._---L_---I_----J

a

Fig. 6. The cross-share conliguration undcr hydrostatic pressure. Ille stress intensity factors K,(A)

and "',(11) are normalized with respect to K;' = p' ,,'Tt(/. Isotropic results.



Interacting cracks in fibrous composlh:S

1.5,....-------------,

1.0

g
~ 0.5 .-

,-

"-~~l-
£ ,-,-

"~ ""0.0 ,
E ,.. ,
0 , .-
Z ,

" IGtIEoo., (i",iT• 'Oil-0.5 " -1---- GtiEgo., 1___~

--GttEoo., 1__U

-1.0
0 0.2 0.4 0.6 0.6 1.0 1.2

bla

Fig. 7. The cross-shape configuration under hydrostatic pressure. The stress intensity factors K,(A)

and K,(S) are normalized with respect to K:' = p' JTW. Isotropic and orthotropic (Gr;Epoxy)
results.
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agreement with those reported by Cheung and Chen (1987) over the entire range of h/a
ratios.

Figures 7 and 8 present respectively the corresponding results for the Gr/Epoxy and
B/At composites. In each case. the composite was considered to be reinforced axially or
transversely. For the B/At composite. Fig. 7. the results are found to be almost identical
to those of the isotropic case for 1..", (A) and .IImost symmetric with respect to the isotropic
curve for K,(B)/K~. On the other hand. the results for the Gr/Epoxy composite. Fig. 8. are
far apart from the isotropic curve for I.."I(lJ) but not so dil1crent for 1..",(,..1).

5. CONCl.USION

In summ.IrY. the problem of interacting cracks in orthotropic composites was
considered. The method of superposition proposed herein indicated that the solution for
complicated crack conliguration can be obtained by the same simplicity as in the isotropic
materials. In the B/At and Gr/Epoxy composites. it was observed that for cracks which
are aligned with the fiber axis. the stress intensity factors and the E,,/Er ratio have an
inverse relationship.

The numerical results obtained herein arc valuable for understanding the behavior of
craek branching as well as stress shielding/amplification in some anisotropic materials.

1.5

K,(A~

1.0

~
.l!! 0.5 ,'""
£ " ""

",'.,,'" KI(B~.. " ",en ' ",

0.0 ......", .-g I E1iA! (E.IEr • 17) I
0 -$-Z -llOlftlPIC

·0.5 --- Eli'" (-.. • 1 •
__I) -..-

--EIi"'I_
"-I .-

·1.0
1.20 0.2 0.4 0.6 0.6 1.0

bla

Fig. 8. The cross-shape configuration under hydrostatic pressure. The stress intensity factors K,(A)

and K,(S) are normalized with respect to K? = P'J"M. Isotropic and orthotropic (BlAt) results.
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AI'PENDIX: DERrVATlONS OF POWER-TYPE TRACTIONS

Consider a single erack of length 2Iloe;tted in an inlinte orthotropie medium. Let the craek be subjeeted to
eOI\\:entraled normal ;Ind slieM lo;\ds I' and Q as shown in !-"ig. "I.

A coordmate system (\' . .I") is located in the middle of the <:rack and the concentrated loads are applied at
(1,0). Since the loads I' and Q as appe;lring in th;lt ligufe result in negative normal and shear stress respectively
adjacent to the point of application, they will he assigned negative values. " < 0. Q < O.

The prohlems of two-dimensional urthotropic elasticity can be reduced to linding two comple.\ stress funetions
'M: I) and '/1(:,) where the complex variables :, ( i -~ I. 2) ar~ given by

(A I)

with the parameters s I and .\', heing the roots of the charactcrislics e4u;ltiun [see Lekhnilskii (1%3)J

(:\2)

The a" arc Ihe llexibility coellicients in generalized plane stress defined hy:

(A.1)

For pl..nc ortholropic problems, lhe codlicicnts of shear coupling a,. and a,. vanish and (A2) reduces 10

y

,.

p

a

..I

x

Fig. A I. A solitary craek loaded hy concentrated shear and normal unit loads.
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S. + (:!a,z +a··)sz + azz = O.
all all
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(A4)

It has been shown by lekhnitskii (1963) that the roots of (A4) are always complell or purely imaginary and will
occur in conjugate pairs. i.e. s, ..5, and .t,'s:- Without loss in generality. it is always possible to choose

5, = a, +ib,. 5, = az+ib z.

such that h, > O. b, > 0 and b, # bz.
The general ellpression for the stresses are then:

a" = ~ Re [5;4>(:'> +5~"'(:z»).

a" = ~ Re [4>(:,)+ "'(:z».

a,. = -2 Re[.t,4>(:,)+5z"'(:,»).

(AS)

(A6)

If the roots in (A4) are known for a reference system (:c.y) then for any other reference (:c'.y') rotated at an angle
ofrom (x.y). the new roots are found from the following formula:

, 'b' (auCOS(20)+1/2(a;.,+bi.,)Sin(20»).( hI.' ) (A7)
ClI.,+1 '.' = [cos(O)+CI"sin(Ol)'+[husin(Ol)' +1 [cos(O)+Clusin(Ol)'+[busin(lIl)' .

[n particular. if the x-allis coincides with the fiber orient.llion. then

.', = ih, and .', = ih,.

hence

(All)

For thc concentrated load on an isolated crack. the potential functions ,P.(:,). "'.(: ,) and ,P.(:,). "'.(::) for
the /' and {! loadings res~'Ctivcly. arc given hy Sih and Liehowit1. (1%11):

wherc

[('" -s,)/s,I,p.(:,) "" -I'I(:,).

(.• ,-s,)"',(:,) ,. -QI(::).

(s,-.',)4>,(:,) = -QI(:,). 1'<0.

[Is, -.,:)/s,)t/l.(:,) = - I'I(:,). Q < o. (A9)

(AIO)

As in the isotropic case. implementation of the crack interaction scheme to orthotropic media n~'Cessitates

the usc of power-type traction distributions (uniform. linear. quadnltic. cubic and quartic). The corrcspond
ing stress pot<:nti.11 functions can be deri\'ed by following a procedure of contour integration described by
Muskhclishvili (1953).

In Mode [ (opening mode) the stress potential functions are obtaincd from:

("_'-"') If (1/1)' [t:-IZJ'::--- 4>.(:,) = ---- -.--. dl.
5: .f21l(:,-t) :j-t-

and similarly

(
5, -.t:) If (1/1)' [t: -I

ZJI.2
--' "'.(::) = ;'--.- :r--i dl.

.t, 'f_ll(.z-l) .z-t

where:x = (0. 1,2.3.4) indicating. res~'Ctivcly. uniform. linear. quadratic. cubic and quartic terms.
The corresponding stress potential functions arc:

Uniform load:

(.t'~)4>.(:,) = [2(:;_t z), 'J"[:,-(:;-tz)"J.
.',

( .,'-.t,)",.(:,) = [2(:~-t')' :J"[::-(:j-t:)' 'J.
.t,

linear load:

(Alia)

(Allb)

(AI2a)
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Quadrati... load :

Cubic load:

Quartic load:

J. F. ZARZOLR

( -,-,--=-~:,,)(.. (- )= [~/'(-' -f')' 'I ~ '[_'_-'(-'_1')"_'- I']
j-'" - I _ .. I .. I .. I .. I =- I •

s:

,[, " '" ;:f' f'J- -- (---f-) -- - --.. ~ .. : .. ! :! .. = X .

(AI2b)

(A12cl

(AI!d)

(AI2e)

In 1110dc II (shcaring 1110dc), all loading-type stress p,llentials can be (lnt'lined frol11 those of 1110de I using the
following relationship:

(AU)

Sunslilulion of (:\I!) (ALl) inlo (A6) pruvides the inlluen<:c fun<.:lions whid! constitute the basic ingredient of
the IIIdhod. Although the inlluence functions .Ire evaluated here in [erms of complex potential functions, they
can actually ne cxpressed in elementary functions (sec Zarwur (1990)1.


